The mass function for black holes at birth in close binary systems is explored. The effects of varying the mass-loss rate and metallicity are calculated using a simple semi-analytic approach to stellar evolution that is tuned to reproduce detailed numerical calculations. Though the total fraction of black holes made in stellar collapse events varies considerably with metallicity, mass-loss rate, and mass cutoff, from 5% to 30%, the shapes of their birth functions are very similar for all reasonable variations in these quantities. Median neutron star masses are in the range 1.32 -1.37 M regardless of metallicity. The median black hole mass for solar metallicity is typically 8 to 9 M if only initial helium cores below 40 M (ZAMS mass less than 80 M ) contribute, and 9 -13 M , in most cases, if helium cores up to 150 M (ZAMS mass less than 300 M ) contribute. As long as the mass-loss rate as a function of mass exhibits no strong non-linearities, the black hole birth function from 15 to 35 M has a slope that depends mostly on the initial mass function for main sequence stars. These findings imply the possibility of constraining the initial mass function and the properties of mass loss in close binaries using ongoing measurements of gravitational wave radiation. The expected rotation rates of the black holes are discussed.
INTRODUCTION
A large fraction of massive stars are found in binary systems with sufficiently small separations that interaction is likely sometime in the star's life (Sana et al. 2012) . The evolution of such stars can be quite complicated. In addition to the usual uncertainties in mass-loss rates, mixing, rotation, and explosion physics inherent in any study of massive stars, there is the added complexity of mass and angular momentum exchange between the two stars. This history depends, in turn, on the initial orbital parameters, mass ratios, efficiency of mass transfer, and the uncertain outcome of common envelope evolution. A definitive calculation will be lacking for some time.
Yet with the increasing quantity and sophistication of data for the final stages of evolution, especially the kinds of supernovae these systems produce and the masses of the compact remnants they leave behind, it is worth attempting an approximate description. Here we calculate the distribution functions for the birth masses of neutron stars and black holes for helium stars evolved with mass loss. The helium stars are assumed to result when their parent's hydrogen envelope is lost, by whatever means, early in core helium burning. Our study includes the full range of stellar masses expected to produce black holes and most of the stars that make neutron stars. The progenitors of electron-capture supernovae and the results of stellar mergers are omitted.
Two simplifying assumptions enable the survey, each of which may be tested and improved on in future work: a) the principal effect of binary membership is simply to remove all of the hydrogen envelope near the time of central helium ignition (see also Woosley 2019; Ertl et al. 2019) ; and b) the remnant mass distribution is uniquely determined by the presupernova star masses of the stripped cores, and that mapping is not sensitive to metallicity or interior composition.
Once revealed, the helium burning core will lose mass due to stellar winds with the more massive ones appearing as a Wolf-Rayet (WR) star. Several mass-loss prescriptions are considered and a range of metallicities. The mapping between the pre-collapse and the remnant masses is determined by a recent study of onedimensional explosions of the same sorts of stars by the calibrated neutrino-driven mechanism (Ertl et al. 2019) . Given the remnant masses resulting from an assumed initial mass function (IMF) for the original main sequence stars, calculating the birth function for the remnants is straightforward.
One obvious shortcoming of such an approach to binary evolution is the treatment of the secondary star. The helium core mass of the secondary, at helium ignition, may be larger than if it had evolved in isolation since it will have accreted some uncertain fraction of its companion's envelope. The secondary may also transfer mass to the compact remnant that resulted from the death of the primary star. The histories of these accretion processes depend on the masses and metallicities of the stars, the orbital parameters, how much mass is lost from the system during any common envelope interaction, and the natal kick of the primary star's remnant. These uncertainties and other characteristics of real binary systems are neglected here. It is assumed that both stars produce identical helium and presupernova cores defined only by their own initial mass and the adopted mass-loss rate. Consequently, we will underestimate the final masses of half of the stars. Crudely, the effect is that of changing the IMF in a small but uncertain way so as to favor the production of more massive stars.
PROCEDURE
To begin, we derive the distribution of presupernova masses for a given initial mass function (IMF), taken here to be Salpeter-like (Salpeter 1955) . That is done by integrating the mass-loss equation, dM/dt = f (M, L, Y, Z init ) where M is the mass, L the luminosity, Y the surface helium mass fraction, and Z init the initial metallicity of the star, not counting any newly synthesized heavy elements that appear at the surface later due to mass loss. More specifically, Z init in the equations used here refers to the abundance of iron-group elements in the initial star (Vink & de Koter 2005) . The initial stars are assumed to be composed of only helium plus Z init . Three recent determinations of mass-loss rates for WR stars are considered ( Fig. 1) , taken from Yoon (2017) , Vink (2017) , and Sander et al. (2019a) . The work of Yoon is a refinement of earlier empirical fits while the two studies by Vink and Sander et al. are of a "first principles" nature, based on calculations of radiation transport and hydrodynamics. The former might naturally resemble more observations in the mass range where it is fit while the latter two might be more safely extrapolated to lower mass where the work by Yoon lacks adequate calibration (Gilkis et al. 2019 
which is taken from Tramper er al. (2016) . Yoon multiples both equations by a factor, f WR , to account for uncertainty, and favors a value f WR = 1.58.
Here we treat f WR = 1 as the standard case, but also explore f WR = 2. Note the explicit dependence in the second equation on Y . This does not reflect the physical role of helium in absorbing radiation, but is an empirical adjustment for the effect of increasing the carbon and oxygen mass fractions. Yoon's formula is strictly valid only for Y < 0.9, but, to good approximation, we can take it to characterize any star that has lost its unburned helium shell.
The rate from Vink (2017) is for optically thin, heliumstripped stars. Designed to reflect stars on the order of 4 M , it is possibly a severe underestimate for more massive helium cores at solar metallicity. At lower metallicity however, the regime of lower mass loss reflected by Vink (2017) (3) Sander et al. (2019a) give interpolation formulae as a function of L/M for WN and WC stars individually for two different metallicities in their Table 3 . See also their Fig. 20 . In the general case, one would need to interpolate for values of metallicity other than Z and 0.1 Z . Here we restrict our survey of Sander et al. rates to just those two values. The three mass-loss rates used are plotted as a function of the current luminosity of the helium star for the two metallicities considered in Fig. 1 . The Vink and Yoon rates are smooth, almost linear functions of the luminosity, while the Sander et al rate shows a steep cut off at low luminosity owing to its strong sensitivity to the Eddington parameter. As previously noted, the Vink (2017) is taken as a lower bound to the Sander et al. (2019a) mass-loss rate for low luminosity.
To integrate these equations for a given metallicity, one must specify the evolution of the luminosity and surface helium abundance. The latter is also used as a switch to determine whether to use WN or WC mass loss in the cases where two descriptions are given. For higher mass helium stars, the extent of the helium burning convective core grows. In the models of Woosley (2019) , for low initial mass near 4 M , the helium convective core in the presupernova models is only about 52% of the star's mass, but for helium core masses above 50 M this fraction increases to near 85% and stays relatively constant. Between 4 and 50 M , to reasonable approximation, the fraction is obtained by interpolation,
where M He,i is the initial mass of the helium star and M trans is the maximum extent, in mass, of the convective Note. -Helium stars are evolved at constant mass to build the relation for L(M ). The luminosity is evaluated at 50% helium depletion. τ is the time from helium ignition until a central temperature of 5 × 10 8 K is reached shortly before carbon ignition. helium core. This mass also marks the transition point for using WC instead of WN rates. Once the processed core is revealed, the surface helium abundance in real stellar models declines rapidly to a minimum value near 0.2 (Table 4 of Woosley 2019). The decline is not precipitous though because the receding helium convective core leaves behind a gradient that the mass loss eventually reveals. Adding this gradient is not a large effect, but its inclusion mildly improves the agreement with the models. Variation of Y from 0.8 to 0.2 only changes the Yoon mass-loss rate by a factor of two and this variation only occurs during a small fraction of the lifetime. Once the current mass of the star, M (t), fell below M trans , we used the approximation
The luminosity history must also be approximated. Fortunately, the luminosity of a helium star during central helium burning and its lifetime are mostly determined by its current mass and not very sensitive to how much helium has burned. For example, a 10 M helium star evolved without mass loss has a luminosity of 10 5.13 L , 10 5.09 L , and 10 5.01 L after burning 2%, 50%, and 99% respectively of the helium in its center. The helium burning lifetime is also sensitive to the mass and not much to the metallicity. If, for a given metallicity, the mass-loss rate and the lifetime are functions of only current mass, then the mass-loss equation can be integrated numerically, for a given initial helium core mass to give the final presupernova mass.
To evaluate the luminosity as a function of mass and -Presupernova masses calculated using the analytic approach described in this paper (solid curve) compared with values for actual stellar models of the same initial mass, metallicity and mass-loss rate, calculated using the KEPLER code (Woosley 2019, vertical bars) . The standard Yoon mass-loss rate (blue) and a value 1.5 times larger (gray) are considered. Inflection points where the curves change slope at around 8 M (gray) and 10 M (blue) reflect the transition from WN to WC stars.
the lifetime, a grid of 52 constant mass helium stars ranging from 2 to 150 M was evolved to carbon ignition using the implicit hydrodynamics code KEPLER (similar setup as in Woosley 2019) . The luminosity at 50% helium depletion and the total helium burning lifetime were tabulated for each (Table 1 ). The mass-dependent luminosity, L(M ), drives the evolution of stellar mass, dM/dt = f (L, M, Y, Z init ), which was integrated, for a given metallicity and various mass-loss prescriptions. For greater accuracy, the remaining lifetime was varied as the mass of the star decreased. This was accomplished by increasing the time step in proportion to the current remaining lifetime.
Given the luminosity as a function of mass and the mass-loss rates as a function of luminosity, mass, and metallicity, the mass-loss equation was then integrated. On a laptop this took about a minute for a grid of 30,000 masses between 2.5 and 150 M . Four different variations of mass-loss rate and two metallicities were considered. Fig. 2 shows a comparison of the semi-analytic results and the presupernova masses derived for actual stellar models using the KEPLER code and Yoon massloss rate (Woosley 2019) . Errors are small for low and moderate mass-loss rates, but increase slightly for larger values due to the approximate treatment of the surface helium abundance and luminosity in our equations. Both could be improved.
The results for different metallicities and mass-loss rates are shown in Fig. 3 for two values of metallicity, solar and 10% solar, and four choices of mass-loss prescription. Smaller values of mass loss were not calculated since the lower limit on the mass loss from Vink already gives presupernova masses essentially equal to the initial mass, i.e., the mass loss was negligible. The Vink results at 10% solar metallicity can thus be used to approximate all smaller values of metallicity, including zero.
The second stage of our calculation required mapping these final presupernova masses into the remnant masses produced when their iron cores collapse. This mapping depends, of course, on the uncertain explosion model. For stars that might have some reasonable chance at exploding by the neutrino-driven mechanism, we used the "death matrix" extracted, for the W18 central engine, from the recent work of Ertl et al. (2019) . Those calculations followed the outcomes of the core-collapse, by calibrated neutrino-driven explosion models, for a dense grid of presupernova masses from 2.1 to 20 M , which correspond to initial helium core masses from 2.5 to 40 M . The calculated gravitational masses include the mass decrement due to neutrino losses determined self-consistently using P-HOTB (see Table 3 and Fig. 16 of Ertl et al. 2019) . Slightly larger values, typically 2% in the gravitational mass, would be obtained using the correction of Lattimer & Prakash (2001) .
For higher masses, up to a presupernova mass of 30 M , the presupernova stars were assumed to collapse to black holes without an explosion, but with 0.15 M subtracted to account for neutrino emission prior to the formation of a black hole. This is consistent with the correction found by Ertl et al. (2019) for their highest mass models that made black holes "promptly" (i.e., without fallback). Above a presupernova mass of 30 M , besides the adjustment for neutrino mass loss, corrections were also made for mass ejected by the pulsational pair instability based on the models from Woosley (2019) . For presupernova masses above 60 M , his stars exploded and left no remnants. The resulting remnant masses are given as a function of presupernova mass in Table 2 and Fig. 4 . As in Ertl et al. (2019) , we adopt a maximum baryonic neutron star mass to be 2.75 M , which approximately corresponds to a gravitational mass of ∼2.3 M . The maximum black hole mass is 46 M , as in Woosley (2019) . Larger values, up to 56 M could result for smaller values of the 12 C(α, γ) 16 O reaction rate (Farmer et al. 2019, Woosley, in prep.) . The S-factor used for this critical reaction here was 175 keV b at 300 keV, slightly higher than what was suggested in deBoer et al. (2017). 
IMF AVERAGED BIRTH FUNCTIONS FOR COMPACT

OBJECTS
The final stage consisted of weighting the remnant masses with an IMF corresponding to their original main sequence progenitors. As in Woosley (2019) , it was assumed that, for initial main sequence masses of less than 30 M , the helium core mass at the beginning of helium Ertl et al. (2019, W18 engine) . The presupernova stars were assumed to have solar metallicity and evolved, including mass loss (Yoon 2017) , to the presupernova mass shown. The remnant masses are corrected for neutrino mass loss (Ertl et al. 2019) . The same correspondence between presupernova mass and remnant mass is assumed to exist for all choices of metallicity and mass-loss prescription.
burning is
For heavier stars
The relation between initial helium star mass and presupernova mass is given in Fig. 3 . For a given semi-analytically computed presupernova mass, the corresponding remnant gravitational mass is obtained by interpolating on the relation shown in Table 2 and Fig. 4 . Any successful supernova explosion that produced a neutron star or a black hole with a fallback mass greater than 10 −2 M was taken as a fallback case (for details see Ertl et al. 2019) . In order to avoid artificial structures in the birth function, we do not interpolate between fallback and non-fallback cases, i.e. only interpolate if the nearest two grid points in Table 2 are either both fallback, or both non-fallback.
Neutron stars
Combining these results, the birth function and its properties for neutron stars are illustrated in Fig. 5 and Table 3 . A Salpeter-like IMF with α = 2.35 was assumed over the entire mass range ( §2). The distribution for solar metallicity and mass-loss rates from Yoon (2017) agrees very well with the results based on actual stellar models in Ertl et al. (2019) . The median gravitational mass for f WR = 1, i.e., 1.35 M , is also within 0.01 M of their result. Perhaps this is not surprising given that most of Table 2 was extracted from that work, but it does validate the calculation of presupernova masses by simply numerically integrating the mass-loss history. Fig. 5 and Table 3 additionally show, however, a weak dependence of the distribution function on mass loss. For instance, the frequency of the most massive neutron stars -Given the presupernova masses ( Fig. 3) for helium stars with solar metallicity evolved with mass loss (Fig. 1) , the remnant masses can be calculated from the data in Fig. 4 and Table 2 . The normalized birth function for the gravitational neutron star mass is shown here for four choices of mass-loss rate, Yoon (2017, blue) , Vink (2017, green) , Sander et al. (2019a, red) , and twice Yoon (2017, gray) . The birth function is quite robust against changes in the mass-loss rate. Median values range from 1.32 to 1.37 M , while the fraction of supernovae range from 90% to 69% between twice the Yoon's and Vink's prescriptions respectively.
(> 1.7 M ), made by fallback in more massive progenitors (Ertl et al. 2019) , is reduced with stronger mass-loss rate. For the low mass-loss rate from Vink (2017) the median neutron star mass is 1.37 M and for the high mass-loss rate, twice that of the standard value of Yoon (2017) , the mass is 1.32 M . We thus predict that the median gravitational mass of neutron stars in binary systems will vary, but only a little, with mass loss -and hence with metallicity.
This agreement belies the fact that the total number of neutron stars is substantially different in the three cases. In each case, the distribution function has been normalized so that the integral of number over mass is unity. For the upper limit mass-loss rate (Yoon with f WR = 2), the fraction of core collapses that produce a neutron star is 90%, while for the lower limit mass-loss rate (Vink's) it is only 69% since many more stars remain massive enough to collapse into black holes.
Black Holes
In a similar fashion, the birth function for black holes can be calculated and is also found not to vary greatly with metallicity or mass-loss prescription. A caveat is that it has been assumed that helium cores all the way up to 150 M , hence ZAMS stars to 300 M are produced with the same continuous Salpeter-like mass function. If star formation is truncated at a smaller mass, this would appear as a cut off in the black hole mass distribution. If, for example, no stars formed in close binaries with main sequence masses over 100 M , there would be no helium cores with initial mass over 44 M . Hence for solar metallicity and standard Yoon mass-loss rates, there would be no presupernova masses over 22 M and no black holes heavier than that either. Mass loss for extremely massive stars at a rate very different from the unverified extrapolation of the expressions used Note. -All quantities are evaluated with Salpeter α = 2.35 across the entire helium star mass range. M 0.45 and M 0.55 are mass points where the normalized fraction of neutron stars is 45% below and above respectively. f NS is the fraction of supernova explosions that form neutron stars. here, would also give different, interesting results.
The remnant mass distribution for black holes is shown in Fig. 6 , and its properties are listed in Table 4 assuming that the mass range of initial helium cores extends from 2.5 to 150 M or 2.5 to 40 M . The lower value corresponds to a still quite massive main sequence star and is the limit of the Ertl et al. (2019) survey. Besides the medians, which are not very precisely determined due to the irregular shape of the distribution, the limits M 0.45 and M 0.55 are also given. These are the masses above and below which 45% of the black holes have their masses. Helium star ranges from 2.5 to 40 M and 2.5 to 150 M correspond to upper limits of the main sequence mass function around 100 and 300 M respectively. For the more limited mass range, the median black hole mass using standard Yoon mass loss (f WR = 1) at solar metallicity and the W18 central engine, which was used to make Table 2 , is 8.6 M . This is in excellent agreement with the 8.6 M calculated by Ertl et al. (2019) using the same assumptions, but actual stellar models, serving again to validate the semi-analytic approach used here, i.e. the use of Table 1 to integrate the mass-loss equation to estimate presupernova masses without running actual stellar models. For the larger mass range, including helium stars up to 150 M , the results differ, though not greatly. Ertl et al. (2019) gave a median black hole mass of 10.9 M for the W18 engine. We get 11.3 M . The new value is slightly larger and more accurate because pulsational pair-instability supernovae (PPISN) were not included in the previous study.
The shape of the birth function (Fig. 6) is not very sensitive to either metallicity or mass-loss rate. Note that all distributions have been normalized so that the integral of dN/dM over all black hole masses is one. As in Ertl et al. (2019) , a few low mass black holes are made by fallback and there is a narrow gap of production around 10 M . The exact location of this gap will be sensitive to the compactness distribution of the presupernova stars and thus may vary with different choices for convection theory and 12 C(α, γ) 16 O reaction rate, but its presence is robust and worth looking for, as it would Note. -All masses include correction to neutrino emission. M 0.45 and M 0.55 are mass points where the normalized fraction of black holes is 45% below and above respectively. f BH is the combined fraction of implosions and supernovae that form black holes.
provide constraints on the presupernova evolution. The birth function for black holes left by PPISN, i.e., masses 35 to 46 M , is noisy. Whether this reflects the sparse sample of PPISN used to generate the plot (Table 5 of Woosley (2019) has a resolution in black hole mass of about 2 M ) or a physical effect needs further investigation. Current results suggest a preponderance of black holes with masses 35 to 40 M . This is because the more massive PPISN near the upper limit (46 M here) have more violent instabilities and eject more mass.
The relatively small values for the median black hole mass using the Sander et al. mass-loss rate at solar metallicity are a consequence of the pile up in presupernova masses around 8 -10 M , resulting from the very non-linear decrease in the mass-loss rate at around a luminosity of 10 5.2 L (Fig. 1 and Table 1 ). At lower metallicity the dip in mass loss occurs at higher mass and also less mass is lost, so the effect on the median mass is not so great.
The median black hole masses when the entire mass range of initial helium core masses, 2.5 to 150 M , is sampled are substantially larger than frequently cited by observers for binary X-ray sources. Özel et al. (2010) gives a mean mass of 7.8 ± 1.2 M . This could reflect a cut off in the production of very high mass stars coupled with a high mass-loss rate, or observational bias. Xray binaries containing black holes above 20 M may be rare, short lived, and difficult to detect. LIGO/Virgo has turned up a large sample of much heavier black holes (Abbott et al. 2019) . This might be regarded as a more complete census of the stellar graveyard for very high mass stars, since the black holes that are merging might not be easily detected any other way.
The fraction of core collapses that produce black holes is sensitive to the mass-loss rate employed. For a bigger mass-loss rate, a black hole of given mass comes from a higher mass, rarer main sequence star. For the full range of helium core masses considered, our computed fraction ranges from 9% to 32% (Table 4) , which is consistent with a prior estimate by Kochanek (2015) of 9% to 39%. When the sampling interval is restricted to initial helium core masses below 40 M however, our fraction is smaller, Neugent & Massey 2011) and the peak in the birth function moves to higher mass. Note that this black hole mass range is monotonic at Z init > 0.3 Z for the standard Yoon rate, and at Z init > 0.1 Z for twice the Yoon rate.
as little as 4% for Yoon mass-loss rates with f WR = 2. The maximum limit, regardless of metallicity is 0.30.
An important feature in our results is the nearly constant slope of the black hole birth function roughly between 15 and 35 M . Above 35 M , the distribution is altered by the PPISN, while below 15 M stars frequently produce supernovae, and thus the distribution is highly modular due to the varying outcomes of the stellar collapse. In between lies a prominent range where the black hole mass is solely determined by the presupernova mass, minus the small correction for neutrino emission. If the mass-loss rate has no rapid change in slope in this mass range, the birth function will be smooth and if the dependence on mass nearly linear, it will mirror the stellar IMF. For solar metallicity, the Vink and Yoon massloss rates satisfy these criteria and the birth function in Fig. 7 is smooth. For lower metallicities, the differing dependence on Z init of the rates for WN and WC mass loss cause a spike whose location migrates with the changing 
The spike is due to a "flat spot" in the presupernova mass resulting from the transition from WN to WC mass loss (Fig. 2) . Its sharpness and location is probably an artifact of the empirical mass-loss description for the two cases, which lead to a significant jump between the WN and WC mass-loss when evaluated at lower metallicities. Such a significant jump in mass-loss rate between the WN and WC stage is probably not realistic. In any case, the observed distribution would be smoother as it would never include just one metallicity, but a range. The Sander et al. (2019a) rate also exhibits a similar spike at low metallicity, but for a different reason. For 0.1 Z , the mass-loss rate is very non-linear for a luminosity of 10 5.8 L , corresponding to a mass near 20 M (Fig. 1 and Table 1 ). This ledge has a physical basis, namely the strong dependence of the Sander et al. rate on the Eddington Gamma-factor, Γ e , essentially the ratio of acceleration due to Thomson scattering and gravity (Vink 2006; Sander et al. 2015) . A signature in the black hole IMF would thus have interesting implications for the theory of stellar mass loss.
The fact that, for solar metallicity at least, the slope of the birth function between 15 and 35 M in Fig. 6 is nearly constant for other choices of mass-loss rate reflects the near linear relation between logṀ and M in that mass range (see Fig. 1 and Table 1 ). Due to the Eddington limit, the lifetime of very massive stars is nearly constant at τ ≈ 300,000 years, so the presupernova mass is almost a constant fraction of the initial helium core mass.
∆M
where k is positive and defined by dM/dt = −kM . Since all stars in this mass range are assumed to collapse to black holes with gravitational masses very nearly equal to presupernova masses, this means that the remnant mass is a constant times the ZAMS mass, though the value of that constant will vary with metallicity and mass-loss rate. Consequently, the slope of the birth function is mostly sensitive to the IMF for massive stars (Fig. 8) .
Measuring the BH birth function in this mass range with LIGO/Virgo offers an opportunity to determine this important quantity. The corresponding mass range sampled on the main sequence depends on the mass-loss rate employed and can be read from Fig. 3 for the initial helium star mass to be used in equation 6 and equation 7 For solar metallicity and standard Yoon loss rates, the main sequence mass range sampled would be approximately 70 to 150 M . Sparse data currently exists for main sequence stars with these masses due to their small birth numbers and short lifetimes.
In the more general case that dM/dt = −kM ν , with ν not equal to 1, the presupernova mass for very massive stars with constant lifetime τ is
For ν > 1 this implies an upper limit to the mass of black holes of M max = (kτ (ν − 1)) 1 1−ν .
For ν < 1 there is no upper bound and the final black hole mass continues to increase monotonically so long as helium cores of arbitrarily high mass are produced. For the mass-loss rates considered here, ν above 100 M is so close to 1 that this upper limit is much larger than the range considered here. For larger mass-loss rates and larger ν though, this limit could be important. For example, the mass dependent mass-loss rate of Langer (1989) , dM/dt ≈ −10 −7 (M/M ) 2.5 M y −1 , gives M max = 8 M . For solar metallicity, there would be no black holes with greater mass, no matter how big the masses on the main sequence were.
SUMMARY AND CONCLUSIONS
Using simple approximations to binary evolution and supernova explosions, the birth functions for neutron stars and black holes have been calculated for a variety of metallicities and modern mass-loss rates. The evolution captures the essential nature of a helium star that shrinks due to mass loss after losing its envelope, rather than a helium core growing in a single star. The explosion model assumes that the outcome, at least in terms of remnant mass, is determined by the presupernova core mass independent of metallicity or interior structure and composition. The presupernova mass is determined by integration of the mass-loss equation, not by computing actual stellar models. Within this framework a large set of results can be quickly computed and general trends determined.
The results (Tables 3 and 4 ; Figs. 5, 6, and 7) show patterns that, to good approximation, are independent of mass-loss rate and metallicity. Neutron stars of all gravitational masses from 1.23 to the maximum mass, here assumed to be 2.3 M , are produced. The distribution has a central peak near 1.35 M , with rare events producing much heavier neutron stars by fallback (see also Ertl et al. 2019) . Increased mass loss decreases the proportion of the most massive members (Fig. 5) .
The black hole birth function has four parts (Fig. 6) . A low mass tail below 5 M , produced entirely by fallback in explosions that initially make a neutron star, is followed by a broad distribution resulting from both direct implosions and explosions with massive fallback. This distribution has a pronounced peak around 8 -9 M . Its irregularity from 5 -12 M reflects the mixed distribution of stars that explode leaving neutron stars and implode into black holes. There is a hint of a gap around 10 M due a local minimum in the core compactness parameter for that presupernova mass (Woosley 2019; Ertl et al. 2019) . The location of this gap may depend on uncertainties in presupernova evolution like the 12 C(α, γ) 16 O reaction rate. Above 12 M , in the present prescription all presupernova cores collapse promptly to black holes and the distribution reflects the initial mass function for the original stars modulated by any rapid non-linear behavior of the mass-loss rate. Non-linearity can result from an abrupt transition between WN and WC massloss formulae (Yoon 2017) , or a rapid cut off below a certain Eddington factor (Sander et al. 2019a) . The mass where the inflection occurs is sensitive to the mass-loss rate and metallicity ( Fig. 7) and might be spread out by observations that span a range in metallicities. Without this structure, which is weak or absent in the case of smooth (Vink 2017) or small mass loss, the slope of the black hole birth function mirrors that of the stellar IMF between about 15 and 35 M (Fig. 8 ). From 35 M to 46 M , there is a pile up of PPISN remnants. More massive PPISN eject more mass so there is a peak around 38 M . The location of the peak and the cutoff mass will be sensitive to the rate for 12 C(α, γ) 16 O. All birth functions were calculated assuming the continuation of a Salpeter-like IMF to helium core masses as large as 150 M . This corresponds to a ZAMS mass of about 300 M . Any sharp variation in the IMF for lower masses would imprint structure in the black hole birth function.
While our survey has used a range of mass-loss rates from the recent literature, observational constraints and spectral analysis of WR stars point towards high massloss rates such as described by the empirically motivated recipe from Yoon (2017) . The number ratio of observed WC and WN stars and the ejected masses of Type Ic supernovae require that sufficient mass loss occurs, especially at solar metallicity, to frequently uncover the carbon-oxygen core (Conti 1976 ) before the star dies. Neugent & Massey (2011) report a ratio of massive WC to WN stars that ranges from 58% at solar metallicity to Neugent & Massey (2011) . The SMC is taken to be 0.25 Z . No fits for or interpolation formulae for 0.25 Z were given by Sander et al. (2019a) . WC/WN ratios obtained using the rates of Vink (2017) were much smaller.
9% for the Small Magellanic Cloud (roughly Z /4). Table 5 shows our corresponding numbers for the standard Yoon, twice the Yoon, and Sander et al. rates. The theoretical fractions have been evaluated using the IMF (α = 2.35) weighted average of the time spent by each model as a WC or WN star for three different cutoffs at low luminosity, 2.5 M (log(L/L ) = 3.76); 4 M (log(L/L ) = 4.32), and 7 M (log(L/L ) = 4.90), each using eq. (4) for the transition mass. The choices of 2.5 and 4.0 M are arbitrary. The smaller value reflects the full range of our study and that of Ertl et al. (2019) , which include all possible supernovae except a few that might arise from electron capture. 4 M is a typical value for Type Ib and Ic supernova progenitors. It is below what is obtained for many studies (e.g., Hainich et al. 2014; Sander et al. 2019b ). Shenar et al. (2020) have suggested larger lower bounds on helium star masses that are, spectroscopically, WR stars. Their bound is at solar metallicity is log(L/L ) = 4.90 (7.0 M here) and still larger at lower Z init .
For the lower cutoffs, the Vink (2017) and Sander et al. (2019a) rates produce far too few WC stars. Only the high mass-loss rate of Yoon with f WR = 2 comes close. Similarly, using the Yoon rates with f WR = 1 gives a critical presupernova mass separating WN progenitors from WC progenitors near 7.0 M (Woosley 2019). Increasing the rate by a factor of 1.5 moves the critical mass to 4.9 M , and a new calculation using the KEPLER code shows that using f WR = 2 lowers the critical mass to 3.9. Assuming 1.5 M is left in the neutron star, this implies ejected masses of 5.5, 3.4, and 2.4 M respectively. Measured average ejected masses for Type Ic supernovae are near 2.2 M (Prentice et al. 2019) suggesting f WR = 2 or even slightly more. For 2.5 times the standard, the critical mass is 3.2 M and the ejected mass is 1.6 M .
Many uncertainties enter into both the observations and models. Not all stripped helium cores are necessarily, spectroscopically, WR stars (Shenar et al. 2020 ). The bolometric corrections for WR stars are large which complicates comparing model results, like ours, with observations, like Neugent & Massey (2011) , that give only visual magnitude. It is also by no means clear that the production of a Type Ic supernova requires the complete loss of the helium shell (Dessart et al. 2012) . The smaller lower bounds on sampling mass above suggest a value of f WR near 2.0. Following similar arguments, Yoon (2017) himself suggested 1.58. Using f WR = 2 gives a median neutron star mass at solar metallicity of 1.32 M (1.35 M if the Lattimer and Prakash (2001) correction for neutrino losses is employed instead of the value calculated by Ertl et al (2020) ), and a median black hole mass of 7.9 M , for initial helium cores with smaller initial mass than 40 M (ZAMS mass less than 80 M ). Given the small fraction of black holes predicted by this cutoff (Table 4 ) and the small maximum black hole mass implied (11.1 M from a presupernova of 11.7 M ; Fig. 3 and Table 2) , it may not be realistic to truncate the initial helium core mass at such a low value if the mass-loss rate is this large. The average black hole mass including all initial helium star masses up to 150 M is 11.8 M and the maximum presupernova mass is 48 M . This encroaches on the realm of PPISN and the maximum black hole mass, following PPISN activity, would be 42 M (Fig. 6) .
The formalism developed here is simple and easily applicable to more realistic descriptions of binary evolution (e.g., Vigna-Gómez et al. 2018; Spera et al. 2015) . Once the helium core is uncovered the mass-loss equation is trivially integrated using Tables 1 and 2. Indeed, our results are not only applicable to binary mass exchange. By adjusting the lifetime in Table 1 to reflect the actual duration of the Wolf-Rayet phase, presupernova masses can also be calculated for single stars, and stars that experience chemically homogeneous evolution (e.g., de Mink & Mandel 2016) . Unless that adjustment is large, the results presented here, nominally for close binaries, should be robust. The main sequence masses used in weighting the contributions in an IMF average would also need to be adjusted as in equation 6 and equation 7 or their equivalents.
While this paper is about simple one-dimensional models, it is possible to make some inferences about the rotation rates for the black holes that are produced. This is because the final angular momentum is very sensitive to the amount of mass lost by the helium core during the stripped phase. The initial angular momentum of the helium core can be quite large. A fit, to 5% accuracy, to the radii of the helium star models of Woosley (2019) after they have burned only 1% of their helium to carbon, is R = 1.12 × 10 11 (M/30 M ) 0.55 cm. The moment of inertia of a n = 3 polytrope, which these stars resemble, is 0.0754 M R 2 (Criss & Hofmeister 2015) , though a slightly better fit to the models will be used here, 0.09 M R 2 . If the helium star initially rotates with surface velocity equal to a fraction f Kep of Keplerian, v Kep = (GM/R) 1/2 , then the initial angular momentum will be 
For rapid, but not extreme rotation the helium core can begin its life with sufficient angular momentum to make a Kerr black hole. f Kep = 0.33 corresponds to a ratio of centrifugal force to gravity of 10%, which might be achieved by chemically homogeneous evolution (Woosley & Heger 2006) .
As the star loses mass though, it loses angular momentum. About 80% of the angular momentum in the initial rigidly rotating star is contained in the outer half of its mass. This fraction is amplified appreciably by transport, especially by magnetic torques, as the star burns helium. In practice, no helium star that begins with reasonable rotation and loses half or more of its mass will produce a Kerr hole. This includes all the models presented here that make black holes using mass loss rates from Yoon (2017) with f WR = 1 or 2 at solar metallicity. In fact, following transport in an actual KEPLER model using the physics described in Woosley & Heger (2006) for a helium core with initial mass 60 M and final mass 30 M (f WR = 1; Yoon rates) shows that losing half the mass reduces the angular momentum by a factor close to 100. Approximately the same reduction is also observed in a 30 M star that loses half its mass. One thus expects Kerr parameters a < ∼0.1 for the black holes resulting, even for stars with rapid initial rotation, from use of the Yoon rates at solar metallicity. The Kerr parameter would be substantially larger though at lower metallicity, especially if the rates of Vink or Sander et al. are employed (Fig. 3 ). Had the same 30 M model lost only 5 M instead of 15 M , it would have made a 25 M black hole with a = 1.
